Abstract: In this note we compute the the one-loop chiral logarithmic corrections to the S-parameter in a highly deconstructed Higgsless model with only three sites. In addition to the electroweak gauge bosons, this model contains a single extra triplet of vector states (which we denote ρ ± and ρ 0 ), rather than an infinite tower of "KK" modes. We compute the corrections to S in 'tHooft-Feynman gauge, including the ghost, unphysical Goldstone-boson, and standard model "pinch" contributions required to obtain gauge-invariant results for the one-loop self-energy functions. We demonstrate that the chiral-logarithmic corrections naturally separate into two parts, a universal part arising from scaling below the ρ mass, which has the same form as the large Higgs-mass dependence of the S-parameter in the standard model, and a second non-universal contribution arising from scaling between the ρ mass and the cutoff of the model. The form of the universal part of the one-loop result allows us to correctly interpret the phenomenologically derived limits on the S parameter (which depend on a "reference" Higgs-boson mass) in this three-site Higgsless model. Higgsless models may be viewed as dual to models of dynamical symmetry breaking akin to "walking technicolor", and in these terms our calculation is the first to compute the subleading 1/N corrections to the S parameter.
Introduction
Higgsless models [1] accommodate electroweak symmetry breaking without the introduction of a fundamental scalar Higgs boson [2] . In these models, the unitarity of longitudinally polarized electroweak gauge bosons is achieved through the exchange of extra vector bosons [3, 4, 5, 6] , rather than scalars. Based on TeV-scale [7] compactified five-dimensional gauge theories with appropriate boundary conditions [8, 9, 10, 11] , these models provide effectively unitary descriptions of the electroweak sector beyond the TeV energy scale. They are not, however, renormalizable, and can only be viewed as effective theories valid below a cutoff energy scale inversely proportional to the five-dimensional gauge-coupling squared. Above this energy scale, some new "high-energy" completion must obtain which is valid to higher energies.
Deconstruction [12, 13] is a technique to build four-dimensional gauge theories (with appropriate gauge symmetry breaking patterns) which approximate -at least over some energy range -the properties of a five-dimensional theory. Deconstructed Higgsless models [14, 15, 16, 17, 18, 19, 20] have been used as tools to compute the general properties of Higgsless theories, and to illustrate the phenomological properties of this class of models.
In the simplest realization of Higgsless models, the ordinary fermions are localized (on "branes") in the extra dimesion. Such models necessarily [20] give rise to large tree-level corrections to the electroweak S parameter, and are not phenomenologically viable. It has been shown, however, that by relaxing the fermion locality constraint [21, 22, 23, 24, 25] -more correctly, by allowing fermions to propagate in the compactified fifth dimension and identifying the ordinary fermions with the lowest KK fermion states -it is always [26] possible to chose the fermion wavefunction in the fifth dimension so that all four-fermion electroweak quantities at tree-level have their standard model forms.
Recently, a detailed investigation of a highly deconstructed three site Higgsless model [27] -in which the only vector states are the ordinary electroweak gauge bosons and a single triplet of ρ ± and ρ 0 vector states -has been completed 1 . Although relatively simple in form, the model was shown to be sufficiently complex to incorporate the interesting physics issues related to fermion masses and electroweak observables. Calculations were presented addressing the size of corrections to ∆ρ, b → sγ, and Z → bb.
In this note we compute the the one-loop chiral logarithmic corrections to the S-parameter [28, 29, 30] in the three site Higgsless model, in the limit M W ≪ M ρ ≪ Λ, where Λ is the cutoff of the effective theory. We compute these corrections in 'tHooft-Feynman gauge, including the ghost, unphysical Goldstone-boson, and standard model "pinch" contributions [31, 32] required to obtain gauge-invariant results for the one-loop self-energy functions. We find the result
where the parameter x 1 measures the amount of fermion delocalization, M Href is the reference Higgs boson mass used in the definition of the S-parameter, and c 1,2 are higher order counterterms [18] . Note that the chiral-logarithmic corrections naturally separate into two parts, a universal part arising from scaling below the ρ mass, which has the same form as the large Higgs-mass dependence of the S-parameter in the standard model, and a second non-universal contribution arising from scaling between the ρ mass and the cutoff of the model. The form of the universal part of the one-loop result allows us to correctly interpret the phenomenologically derived limits on the S parameter (which depend on a "reference" Higgs-boson mass [28] ) in this three-site Higgsless model. We conclude the paper by discussing the relationship of our results to the general expectations for the form of these corrections in models with a strongly-interacting symmetry breaking sector. Higgsless models may be viewed as dual [33, 34, 35, 36 ] to models of dynamical symmetry breaking [37, 38] akin to "walking technicolor" [39, 40, 41, 42, 43, 44] , and in these terms our calculation is the first to compute the subleading 1/N corrections to the S parameter. The model we discuss is in the same class as models of extended electroweak gauge symmetries [45, 46] motivated by models of hidden local symmetry [47, 48, 49, 50, 51] of chiral dynamics in QCD. We specifically compare our findings to the corresponding results in the "vector limit" [52] of hidden local symmetry models.
The Three-Site Model
The three-site Higgsless model analyzed in this paper is illustrated in figure 1 using "moose notation" [53] . The model incorporates an SU (2) L × SU (2) V × U (1) B gauge group with couplings g 0 , g 1 , and g 2 respectively, and 2 nonlinear (SU (2) × SU (2))/SU (2) sigma models in which the global symmetry groups in adjacent sigma models are identified with the corresponding factors of the gauge group. The symmetry breaking between the middle SU (2) and the U (1) follows an SU (2) L × SU (2) R /SU (2) V symmetry breaking pattern with the U (1) embedded as the T 3 -generator of SU (2) R . The leading order Lagrangian in the model is given by Figure 1 : The three-site Higgsless model analyzed in this paper is illustrated using "moose notation" [53] . The model incorporates an SU (2) L × SU (2) V × U (1) B gauge group with couplings g 0 , g 1 , and g 2 respectively, and 2 nonlinear (SU (2) × SU (2))/SU (2) sigma models in which the global symmetry groups in adjacent sigma models are identified with the corresponding factors of the gauge group.
where L µν , V µν , and R µν are the matrix field-strengths of the three gauge groups, R µ = B µ σ 3
2 , and the covariant derivatives acting on Σ (i) are defined as
2)
The 2 × 2 unitary matrix fields Σ (1) and Σ (2) may be parametrized by the Nambu-Goldstone (GB) boson fields π (1) and π (2) : 4) with the decay constant 2 f . This model (see [27] for details) approximates the standard model in the limit 5) in which case we expect a massless photon, light W and Z bosons, and a heavy set of bosons ρ ± and ρ 0 . Numerically, then, g 0,2 are approximately equal to the standard model SU (2) W and U (1) Y couplings, and we therefore define an angle θ such that
Fermion Couplings and αS at Tree-Level
The standard model fermions are delocalized in the sense that their weak couplings arise from both sites 0 and 1 [55, 25] 
2 For simplicity, here we take the same decay constant f for both links.
where J µ L and J µ Y are the fermionic weak and hypercharge currents, respectively, and 0 ≤ x 1 ≪ 1 is a measure of the amount of fermion delocalization. This expression is not separately gauge invariant under SU (2) 0 and SU (2) 1 . Rather, the fermions should be viewed as being charged under SU (2) 0 , and the terms proportional to x 1 should be interpreted as arising from the operator of the form L 8) in unitary gauge. We will be interested only in the light fermions (i.e. all standard model fermions except for the top-quark), and will therefore ignore the couplings giving rise to fermon masses (these are discussed in detail in [27] ). Diagonalizing the gauge-boson mass matrix and computing the relevant tree-level fourfermion processes, one may compute the value of the S-parameter at tree-level, with the result [55, 25] 
Current phenomenological bounds on αS are O(10 −3 ) [54] . Since exchange of the ρ meson is necessary to maintain the unitarity of longitudinally polarized W -boson scattering, we must require that M ρ ≤ O(1 TeV) -leading, for localized fermions with x 1 = 0, to a value of αS tree which is too large. For the three-site model to be viable, therefore, the value of the fermion delocalization parameter must be chosen to reduce the value of αS tree [21, 22, 23, 24, 25, 26] .
Duality and The Size of Radiative Electroweak Corrections
By duality [33] , tree-level computations in the 5-dimensional theory represent the leading terms in a large-N expansion [56] of the strongly-coupled dual gauge theory akin to "walking technicolor" [39, 40, 41, 42, 43, 44] . The mass of the W boson, M W , is proportional to a weak gauge-coupling, g ew , (which is fixed in the large-N approximation) times the f -constant for the electroweak chiral symmetry breaking of the strongly-coupled theory. Therefore, we expect M 2 W /M 2 ρ to scale like [56, 57] 
which is the expected behavior of the S-parameter in the large-N limit [28, 10] . We now specify the limit in which we will perform our analysis. As shown below (see eqns. (4.1, 4.2)), in the small x limit
so that the tree-level value of αS vanishes if
In what follows, therefore, we will assume that x 1 = O(x 2 ). Overall, then, we work in the limit 12) which is manifestly consistent with the large-N approximation. Since phenomenological bounds on αS are of O(10 −3 ), one-loop electroweak corrections αS one−loop are potentially relevant.
Gauge Sector Lagrangian
In order to obtain the relevant interaction terms to compute the one-loop electroweak corrections, we expand the link variables Σ 1 and Σ 2 as follows
Furthermore, it is convenient to change the normalization of the gauge-boson fields so that the gauge-boson kinetic energy terms in eqn. (2.1) are canonically normalized, and to introduce the following vectors in "link" and "site" space, respectively
with R a µ = (0, 0, B µ ) T . By using these quantities, the Lagrangian (2.1) is decomposed into the following pieces:
where we have ignored the interaction terms including more than three GB fields since these terms do not generate the vertices relevant to the one-loop processes of interest.
3.1 L AA ππ : Kinetic Energy and Gauge-Fixing Terms The Lagrangian L AA ππ is constructed from two GB fields π a or two gauge fields
where the kinetic terms of the gauge fields A a µ are included in L kin gauge , D is a 2 × 3 difference matrix in the link/site space defined as
and G is the gauge coupling-constant matrix with the diagonal elements (g 0 , g 1 , g 2 ).
It is convenient to introduce the charge eigenstate fields
where
and with π ± (i) and π 0 (i) (i = 1, 2) defined analogously. Using the charge eigenstate fields, the mass terms of the gauge fields are expressed as
where M 2 CC and M 2 N C are the mass matrices for the charged and neutral gauge bosons
The Lagrangian L AA ππ includes quadratic mixing terms between the GB fields π a and the gauge fields A a µ . These terms are eliminated by adding the following R ξ gauge fixing term 3 [20] :
After fixing the gauge, the unphysical Goldstone boson fields acquire the gauge-dependent masses M π ± and M π 0
The Lagrangian L AA ππ combined with the gauge-fixing term in L GF then become
Next we introduce the ghost terms corresponding to the gauge fixing terms in Eq.(3.12)
where C a I andC a J (I, J = 0, 1, 2) are respectively the Fadeev-Popov (FP) ghost and the anti-ghost fields corresponding to the gauge groups on the Ith-and Jth-site, and 20) with Θ a I being the infinitesmal generator of the gauge transformations. The infinitesimal transformation laws for the gauge fixing functions G a I are immediately derived from those for the gauge fields A a µ and the GB fields π a 4
Defining the charge eigenstates for the FP ghost fields, we find
T , and where we sum over the repeated indices (i, j = 0, 1 and I, J = 0, 1, 2).
The Non-Abelian interaction terms among the gauge fields L a µ and V a µ are
The remaining Goldstone Boson interactions necessary for our computations are expressed as follows:
These interaction terms are rewritten in terms of the charge eigenstate fields as 5
+h.c. . 
Mass Eigenstate Fields
To facilitate our computation of the one-loop corrections to αS, we must first express the interactions derived above in terms of mass eigenstate fields. As we are interested in the limit x = g 0 /g 1 ≪ 1, we will diagonalize the mass matrices perturbatively in x.
The charged gauge boson mass matrix M 2 CC has the eigenvalues
Expanding the gauge-eigenstate fields in terms of the mass eigenstates, we find
3)
up to terms of O(x 2 ). The neutral gauge boson mass matrix M 2 N C has one zero eigenvalue, corresponding to the photon, and the two non-zero eigenvalues where the angles s = sin θ and c = cos θ are defined in eqn. (2.6). Expanding the neutral gauge-eigenstate fields in terms of mass eigenstates, we find 9) up to terms of O(x 2 ). Since the mass matrices for the ghost fields are (see eqn. (3.27)) equal to those of the vector bosons, up to an overall factor of ξ, the corresponding relationships between the gaugeeigenstate and mass-eigenstate ghost fields are
and
up to corrections of order O(x 2 ). Similarly, the charged GB matrix M 2 π ± has the eigenvalues ξM 2 W and ξM 2 ρ ± , and the neutral GB matrix M 2 π 0 has the eigenvalues ξM 2 Z and ξM 2 ρ 0 . The mass matrices for the Goldstone bosons are given in eqns. (3.15) and (3.14) . Expanding the eigenvectors in powers of x we find that the GB fields are expressed in terms of the mass eigenstate fields π W ± ,Z and π ρ ± ,ρ 0 as π ±,3 16) up to terms of O(x 2 ).
One-Loop Corrections to Gauge Boson Self-Energies
In order to compute the one-loop corrections to the S-parameter, we must evaluate the relevant contributions to the gauge-boson self-energies [28, 29] . Using the results of the previous section, the gauge-sector interactions may be written in terms of the mass-eigenstate fields, yielding (to leading order in x) the interactions necessary for our calculations. The gauge-sector interactions, written in the mass-eigenstate basis, are summarized in Appendix A, and the relevant diagrams are shown in fig. 2 . Note that the three-point interactions in diagrams (M) and (N) arise due to the non-decoupling of the ρ states from the electroweak gauge bosons. We define the self-energy amplitudes for the SM gauge bosons as
where i and j denote the species of the SM gauge bosons. In the present calculation, we choose the 'tHooft-Feynman gauge ξ = 1. The amplitudes are evaluated by using the formulae for the Feynman integrals given in Appendix B; as described there, the formulae are derived using dimensional regularization and renormalized at the cutoff scale Λ of the effective theory.
Pinch Part
Figure 3: Vertex correction diagram constructed from the SM gauge boson loops which contribute to the pinch part of the self-energies [31, 32] .
The values of the individual diagrams in fig. 2 are shown in Appendix C. Putting these contributions together, we obtain the photon self-energy
the ZA mixing self-energy
3) and the Z-boson self-energy
These expressions are correct to leading-log approximation, and to order α; we neglect corrections O(αx 2 ). To this order we may neglect the difference between the charged and neutral ρ masses, since that arises at order x 2 (see eqns. (4.2) and (4.6)). We note that these results for Π ZA and Π ZZ are not transverse. While in the case of the Z-boson, one expects a scalar contribution renormalizing the Z-boson mass, the ZA mixing self-energy, properly defined, must be transverse by electromagnetic gauge-invariance. Therefore the calculation is not yet complete. As is well-known, a gauge-invariant result is obtained only after inclusion of the appropriate pieces (the so-called "pinch contributions") of one-loop vertex corrections and box diagrams [31, 32] . In 'tHooft-Feynman gauge the only such contributions arise from diagrams containing triple-vector-boson vertices, as illustrated for the electroweak gauge bosons in fig. 3 .
In addition to the standard model contributions illustrated in fig. 3 
Recalling that x 1 = O(x 2 ), we see the couplings of the ρ or π ρ to the fermions are suppressed by x; therefore, the only relevant pinch contributions come from the standard model processes of fig. 3 .
As shown in [31] , gauge-independent self-energies (Π) may be constructed including the pinch parts expressed as
where a function F 2 is defined in Appendix B. Evaluating the modified self-energy amplitudes, we have
Note that the modified AA and ZA self-energies are purely transverse. The scalar part of the ZZ self-energy, Π S ZZ (p 2 ), represents a renormalization of the electroweak symmetry breaking scale 6 similar to the corresponding one-loop renormalization proportional to the Higgs boson mass-squared in the standard model [58] .
The S Parameter and Counterterms
These self-energies contribute to the S parameter as [28] 
By using Eqs.(5.12)-(5.14), the leading correction to the S parameter is evaluated in the limit
Note that the first term arises from "scaling" between M W and M ρ -and has a coefficient precisely equal to the leading-log contribution from a heavy Higgs boson [28] 
This allows us to match our calculation to the phenomenological extractions of S which depend on a reference standard model Higgs-boson mass.
The dependence on the renormalization scale (here taken to be the cutoff Λ of the effective theory) is cancelled by the scale-dependence of the appropriate counterms [18] . The O(p 4 ) counterterms relevant to S 1−loop are given by
By using Eq.(4.7)-(4.9), these may be written in terms of the mass eigenstate fields as
From this, applying eqn. (6.1), we find the contribution to S
Adjusting for the reference Higgs mass, using eqn. (6.3) and adding the contribution from the counterterms in eqn. (6.9), we arrive at our final result
Discussion
We have computed the one-loop corrections to the S-parameter in a highly-deconstructed three site Higgless model. Higgsless models may be considered as dual [33, 34, 35, 36 ] to models of dynamical symmetry breaking [37, 38] akin to "walking technicolor" [39, 40, 41, 42, 43, 44] , and in these terms our calculation is the first to compute the subleading 1/N corrections to the S parameter. We find that the chiral-logarithmic corrections naturally separate into a universal part arising from scaling below the ρ mass, which has the same form as the large Higgs-mass dependence of the S-parameter in the standard model, and a second non-universal contribution arising from scaling between the ρ mass and the cutoff of the model. The former allows us to correctly interpret the phenomenologically derived limits on the S parameter (in terms of a "reference" Higgs-boson mass) in this three-site Higgsless model. Our analysis has focused on contributions to the S-parameter from the extended electroweak gauge sector. In principle, there would also be contributions from the extended fermion sector of the model. However, as discussed in [27] , the enlarged fermion sector results from adding fermions with Dirac masses (M ) whose contributions to S decouple in the large-M limit. As shown in [27] , the lower bound on the Dirac fermion masses in the three-site model is M ≥ 1.8 TeV, which renders their O(M 2 W /16π 2 M 2 ) contributions to αS negligible. It is interesting to consider the general properties of the calculation, and the correspondence to general expectations [28] . Although the results for the gauge-boson self-energies are not gauge-invariant [31, 32] , the contributions of the electroweak symmetry breaking sector to the self-energies are expected to be gauge-invariant so long as there are no large couplings between this sector and the (light) fermions [28] . This obtains manifestly in this model, as the couplings of the ρ and π ρ to fermions (given in eqn. (5.5)) are suppressed by x. Therefore, the "pinch" contributions required to define the gauge-invariant self-energies [31, 32] arise only from the standard model contributions. In principle, then, one could have computed the M 2 ρ dependence of S by simply calculating the transverse contributions from diagrams (A), (E) (K) and (M) (diagrams (C)and (G) make only scalar contributions). The difficulty with this approach is that it would not be possible to unambiguously isolate the log(M 2 ρ /M 2 W ) and log(Λ 2 /M 2 ρ ) contributions of eqn. (6.2) . From an effective field theory point of view, of course, the form of the theory below M ρ is precisely the same as that below M H in the standard model -therefore the form of the first term in eqn. (6.2) is expected. Our computation has verified this expectation directly.
In the limit in which the vector fields at sites 0 and 2 are treated as external gauge fields (i.e., not as dynamical fields) the three-site model is equivalent to the "vector limit" [52] (with a=1) of "Hidden Local Symmetry" [47, 48, 49, 50 , 51] models of chiral dynamics in QCD. The small-x limit we discuss, however, is rather different. In particular, we include one-loop effects due to dynamical W gauge-boson fields in the diagrams (B), (D), (F), (H), (J), (L), (M), and (N). Absent dynamical W -bosons, the relevant one-loop correction to the chiral parameter L 10 (which is the analog of the S-parameter) would reduce to an evaluation of diagram (E), for which we obtain the same result as refs. [59, 51] .
A. Interactions of Mass Eigenstate Fields
In this appendix, we rewrite the gauge-sector interactions in terms of mass eigenstate fields using eqns. 
A.2 Three-Point Vertices Dependent on Derivatives: L ππA
Note that the terms on line two are interactions (Zπ W π ρ ) contributing to diagram (M) of figure 2.
Here we have omitted terms irrelevant to evaluating the one-loop corrections to the selfenergies of the gauge bosons.
A.4 Three-Point Vertices among the Gauge Bosons:
Here we have omitted terms irrelevant to evaluating the one-loop corrections to the selfenergies of the SM gauge bosons. Here we have omitted terms irrelevant to evaluating the one-loop corrections to the selfenergies of the SM gauge bosons.
B. Formulae of Feynman Integral
We define the following Feynman integrals:
By introducing Feynman parameters, and performing dimensional regularization, these integrals are evaluated as Equivalently, the replacement above may be viewed as evaluating the counterterms, which cancel divergences, renormalized at the scale of the cutoff.
In diagrams (A) -(L), the intermediate states are degenerate. In the case of for diagrams (M) and (N) in fig. 2 we derive the expressions in the limit M 2 A ≫ [M 2 B , p 2 ], obtaining the following approximate formulae:
, (B.10)
(B.11)
(B.12)
C. Feynman Graph Results
In this appendix, we present the results of each contribution to the neutral gauge-boson self-energy functions, as shown in Fig. 2 .
